UNRAMIFIED EXTENSIONS AND GEOMETRIC Z p -EXTENSIONS OF 

GLOBAL FUNCTION FIELDS 
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Abstract. We study on finite unramified extensions of global function fields (function 
fields of one valuable over a finite field). We show two results. One is an extension 
of Perret's result about the ideal class group problem. Another is a construction of a 
geometric Z p -extension which has a certain property. 

I. Main theorems 



^ ■ Throughout the present paper, we fix a prime number p and a finite field F of charac- 

teristic p. 

It is known that there is a finite abelian group G which does not appear as the divisor 
class group of degree of global function fields (Stichtenoth [15]). On the other hand, 
Perret [12] showed the following: 

>. 

Theorem A([12j). For any given finite abelian group G, there is a finite separable geo- 
\q \ metric extension k/F(T) such that C\(0) = G, where O denotes the integral closure of 

F[T] in k and C1(C) the ideal class group of O. 

O \ This theorem is shown by using the following: 

00 

Theorem B([12j). For any given finite abelian group G, there is a global function field k 
over F and a finite set S of places of k such that Cls(A;) = G, where C\s{k) denotes the 
^ ■ S-class group ofk. 

Let Hs(k) be the 5*-Hilbert class field of k, that is, the maximal unramified abelian 
extension field of k in which all places of 5* split completely (see [13]). We note that 
Cls(/c) = Gal(Hs(k)/k) by class field theory Hence Theorem B also implies the existence 
of k and S which satisfy Gal(Hs(k)/k) = G. 

In the present paper, we extend the above result for non-abelian cases. We will show 
the following: 

Theorem 1. For any given finite group G, there is a global function field k over F 
and a finite set S of places of k such that GaA(Hs{k)/k) = G, where Hs(k) denotes the 
maximal unramified extension field over k in which all places of S split completely. 

See also Ozaki [TT] for the number field case. 

We will prove Theorem 1 in section 2. Our proof dues to Perret's idea (see [12] )• That is, 
we will construct an unramified G-extension, and take a sufficiently large set S of places 
such that Gal(Hs{k)/k) = G. (We use the term "G-extension" as a Galois extension 
whose Galois group is isomorphic to G.) To construct an unramified G-extension, we 
shall show an analogue of Frohlich's classical result [3] for number fields. 
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In section 3, we shall apply Perret's idea to the Iwasawa theory. Let k be a global 
function field over F, S a finite set of places in k, and koo/k a geometric Z p -extension. 
(Recall that p is the characteristic of F.) We assume that 

(A) only finitely places of k ramify in koc/k, and 

(B) all places of S split completely in k^/k. 

Under these assumptions, we can treat the Iwasawa theory for the S-class group (see 
[T3]). For a non-negative integer n, let k n be the nth layer of k^/k. That is, k n is the 
unique subfield of k^ which is a cyclic extension over k of degree p n . Moreover, let A n 
be the Sylow p-subgroup of the S'-class group of k n . (Here we use the same character 
S as the set of places of k n lying above S.) We put X$ = \imA n , and we call X s the 
Iwasawa module of k^/k for the S'-class group. We put A = Z P [[T]]. It is known that 
X is a finitely generated torsion A-module, and the "Iwasawa type formula" holds for 
A n (see [13J). That is, there are non-negative integers A,u, and an integer v such that 
I Ai| = p Xn+ w n+u for all sufficiently large n. 

There is a natural problem: characterise the A- modules which appear as Xs- (For the 
number field case, the same problem is dealt in, e.g., [TU], [3].) Concerning this problem, 
we shall give the following result including "non-abelian" cases. 

Theorem 2. For any given finite p-group G, there exists a global function field k 
over F, a finite set S of places of k, and a geometric 7j p - extension k^jk such that 
Gel(Ls(k n )/k n ) — G (as groups) for all n > 0, where L s {k n ) is the maximal unrami- 
fied pro-p- extension field over k n in which all places lying above S split completely. 

For the number field case, Ozaki [10J showed that every "finite A-module" appears as 
the Iwasawa module of a Z p -extension. In Theorem 2, if we take a finite abelian p-group 
as G, this is a weak analogue of Ozaki's result. That is, every finite A-module on which 
A acts trivially appears as Xs- 

2. Proof of Theorem 1 

2.1. Function field analogue of Frohlich's Theorem. At first, we shall show that 
for any finite group G, there is an unramified geometric extension K/k of global function 
fields such that Gdl(K/k) = G. For the number field case, Frohlich already showed the 
following result. 

Frohlich's Theorem([3]). For every positive integer n, there is an unramified extension 
K/k of algebraic number fields such that QsX{K/k) = & n , where & n denotes the symmetric 
group of degree n . 

We will show the following: 

Theorem 3. For every integer n > 5, there is a global function field k over F and an 
unramified geometric extension K/k such that Gd\{K/k) = & n . 

To prove this, we follow Frohlich's original argument (see also Malinin [8]). That is, we 
construct a certain ©^-extension over the rational function field F(T) and then we lift up 
this extension. 
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Lemma 4. Assume thatn > 5. There is a Galois extension k! over¥(T) which satisfies 
all of the following properties. 

• k'/¥(T) is an geometric extension. 

• GaL(Jfe'/F(T)) = & n . 

• 1/T is unramified in k'/¥(T). 

Proof. We first see that there is a ©^-extension over F(T). This follows from the fact 
that F(T) is a Hilbertian field (see, e.g, [2J Corollary 16.2.7]). 

We put A = ¥[T]. Fix a monic separable polynomial F(X) G A[X] of degree n such that 
the splitting field of F(X) over F(T) is an ©^-extension. We know that there is an element 
Np G A which satisfies the following property: if a monic polynomial G(X) G A[X] of 
degree n satisfies G(X) = F(X) (mod N F ), then the splitting field of G(X) over F(T) is 
also an @ n -extension. Moreover, we can take Np which is prime to T. We also fix such 
Np. 

To construct a geometric ©^-extension, we take G(X) as follows: 

G(X) = F(X) (mod N F ), 

G(X) = (distinct polynomials of degree 1) (mod r), 

where r is a monic irreducible polynomial of A = ¥[T] such that the degree of r is odd and 
r is prime to TNp. By the first congruence, we see that the splitting field k' of G(X) is 
a ©^-extension. We shall show that the coefficient field of k' is F. Let F be the algebraic 
closure of F. We note that M := k' H F(T) is a finite Galois extension over F(T). Since 
Gal(/c'/F(T)) = ©„ and n > 5, M must be F(T) or the unique quadratic subfield in 
k'/¥(T). If M ^ F(T), then all places of odd degree do not split in M. However, we see 
that the place generated by r splits completely in k! by the second congruence. It is a 
contradiction. 

To satisfy the third condition, it is sufficient to show that one can take k' such that T 
is unramified in k'/¥(T). (Because we replace an intermediate T to U = 1/T, then \jU 
is unramified in k'/¥(U) and the other conditions also satisfied.) Then we take G(X) as 
follows: 

G(X) = F{X) (mod Np), 

G(X) = (distinct polynomials of degree 1) (mod r), 
G(X) = (an irreducible polynomial) (mod T). 

By the third congruence, we see that T in unramified in k! . □ 

We shall prove Theorem 3. We fix a geometric © n -extension k'/¥(T) satisfying the con- 
ditions given in Lemma 4. Let F(X) G A[X] be the minimal polynomial of an generator 
of k! over F(T). F(X) has degree n\ as a polynomial of X. 

We define the following notations. 

• {pi, . . . , pj} : the set of places of F(T) which ramify in k' . 

• pt+i '■ a place of F(T) which is inert in the unique quadratic subextension of 
k'/¥(T) (distinct from pi, ... , p t ). 

• pt+2 '■ a place of F(T) which splits in the unique quadratic subextension of k'/¥(T) 
and has odd degree (distinct from pi, . . . , p t ). 

• pi, . . . , p t+2 : irreducible monic polynomials of A = ¥[T] which generate pi, ... , pt+2, 
respectively. 
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We shall give some remarks. Since 1/T does not ramify in k' , we can take generators 
of above places as an element of A. It is not trivial that one can really take p t+ i,p t+ 2. 
However, by using Theorem 9.13B of [H] (which is a precise version of the Chebotarev 
density theorem for global function fields), we can take such places. 

We put m = n\. By using Lemma 4, we can also construct an (5 m -extension over F(T). 
Let H(X) be a polynomial in A[X] of degree m which gives an (5 m -extension. Then there 
is an element Nh of A having the following property: if a monic polynomial G(X) e A[X] 
of degree m satisfies G(X) = H(X) (mod Nh), then the splitting field of G(X) over F(T) 
is also an (3 m -extension. We can also take Nh such that it is prime to p\, . . . ,Pt+2- 

We take a polynomial G(X) of A[X] (having degree m) which satisfy the following 
conditions (1)— (4). 

(1) G(X) = H(X) (mod N H ). 

If G(X) satisfies (1), then G(X) gives a © m -extension. Let L be the splitting field of 
G(X) over F(T). 

(2) G(X) = (distinct polynomials of degree 1) (modpt+i). 

If G(X) satisfies (2), then we see that p t +i splits in the unique quadratic subfield of 
L/¥(T). On the other hand, pt+i is inert in the unique quadratic subextension of k'/¥(T). 
Since Gal(fc'/F(T)) = 6 n and Gal(L/F(T)) = 6 m , we can see that k' n L = F(T), and 
then GaX(Lk'/L) = & n . 

(3) G(X) = (distinct polynomials of degree 1) (modp t+2 ). 

If G(X) satisfies (3), then the odd degree place p t+2 splits completely in Lk'/¥(T). This 
implies that Lk'/¥(T) is a geometric extension. Finally, it is known that there is a positive 
integer Si for each i = 1, . . . ,t depending only on F(X) such that if G(X) = F(X) 
(mod p^) then L¥(T) Pi = /c'F(T) Pi , where F(T) p . is the completion of F(T) at pi. Hence 
if we take G(X) satisfying 

(4) G(X) = F(X) (mod p-') for i = 1, . . . , t, 

then we can see that Lk'/L is unramified at all places. 

We can take G(X) satisfying (l)-(4). By the above arguments, the extension Lk'/k ; 
satisfies the assertion of Theorem 3. □ 

Remark. When G is abelian, an unramified geometric G-extension was constructed by 
Angles PP . Moret-Bailly [H] also gives a result which is close to ours. 

2.2. Proof of Theorem 1. By Theorem 3, we can construct an unramified extension 
with any given finite group as its Galois group. Let K/k be a geometric Galois unramified 
extension such that Gd\{K/k) = G. 

Proposition 5. There is a finite set of places S of k such that (i) all places in S split 
completely in K, and (ii) Hs{k)/k is a finite extension. 

Proof. The crucial point of this proposition is choosing a set 5* to satisfy (ii). For a 
positive integer N, we put 

B N = {p | p is a place of fc,deg(p) = N, p splits completely in K/k.}. 
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Let g be the genus of k, and q the number of elements in F. If N is sufficiently large, then 
we can see 

\B N \ > q N Max(g-1,0) 

by using Theorem 9.13B of [14J. We fix an integer N which satisfies the above inequality 
According to Ihara's theorem [TJ Theorem 1(FF)], if S D B N , then Hs{k)/k is a finite 
extension. Hence we can take S to satisfy the conditions (i) and (ii). □ 

The rest part of the proof of Theorem 1 is quite similar to Perret's argument given in 
[12] . We choose a set S of places which satisfies the conditions in Proposition 5. For a 
nontrivial element a of Gal(Hs{k)/K), we can take a place *p of Hs{k) corresponding to 
o by the Chebotarev density theorem. We can take which is unramified in Hg{K)/K. 
Let p be the place in k which is lying below Since the decomposition field of ^3 in 
Hs{k)/k contains K and K/k is a Galois extension, we see that p splits completely in 
K/k. Then we see Hs{k) 2 Hsu{p}(k) D K. Replacing S U {p} to S and repeating the 
above operation, we can obtain Theorem 1. □ 

Remark. Our construction also gives the fact that Hs{k)/k is a geometric extension. 

3. Proof of Theorem 2 
Firstly, we shall show the following: 

Theorem 6. Let k be a finite Galois extension of¥(T). Then, there exists a finite set 
S of places of k and a geometric Z p - extension k^/k (which satisfies the assumptions (A) 
and (B) in section 1) such that the Iwasawa module for the S -class group is trivial (i.e., 
\ = n = v = 0). 

Precisely, we will show a slightly stronger result. That being the 

"lift up" of a geometric Z p -extension of F(T). This fact is used to prove Theorem 2. 

Proof of Theorem 6. We take a place po of F(T) which splits completely in k. We also 
take a place r of F(T) which is distinct from po and unramified in k. We claim that there 
is a geometric Z p -extension F 00 /F(T) unramified outside r which satisfies that 

• x is totally ramified, and 

• po splits completely. 

We shall show this claim. Let M be the maximal pro-p-extension over F(T) which is 
unramified outside r. Then we know that Gal(M/F(T)) = Z£° (see, e.g., [6]). Hence there 
are infinitely many geometric Z p -extensions which satisfy the above conditions. 

Let Fx be the initial layer of Foo/F(T), and we put k\ = kFi. Then k\/¥(T) is a 
Galois extension, and p splits completely in k\. We set So = {po}, and we use the same 
character to denote the set of places lying above p . We take an nontrivial element o\ of 

By using the above argument, we can take a geometric Z p -extension i^/F(T) unram- 
ified outside r which satisfies 
. F^ o nF 00 = F(T), 

• r is totally ramified in F^F^, and 

• po splits completely in F^. 
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Let F{ be the initial layer of F^/¥(T). Then we see that F{ flfci = F(T) and k x F[ n 
Hs {.ki) = k\. Let r be a generator of the cyclic group Gal(F 1 '/F(T)), and T\ an element 
of Gal(F[Hs {ki) / ki) which is the image of (r, o"i) of the natural isomorphism 

GaX(F[/¥(T)) x Gal^^O/fci) — > GaX(F[H So (k 1 )/k 1 ). 

We can regard r as an element of GaA(F[Hs (ki) /F(T)) . By the Chebotarev density 
theorem, there is a place ^Pi of F[H So {ki) which corresponds to r x . Let pi be the place of 
F(T) lying below *Pi. Then we see that pi splits completely in k\ and is inert in F{. We 
put S 1 =S\J {pi}. 

We do not know whether pi splits completely in Fqq or not. It is a problem because we 
need the assumption (B) in section 1. To evade this problem, we replace Foo to another 
geometric Z p -extension. We remark that F oc F4 ) /F(T) is a Z^-extension unramified outside 
r. Since pi does not split in F[, it also does not split in F^. Hence the decomposition field 
of F 00 F4 ) /F(T) for pi is a Z p -extension over F(T). We denote it F^. We also note that 
F'^/WiT) is the unique Z p -extension contained in F^F^ such that pi splits completely. 
Then the initial layer of F^/F(T) must coincide with F\. We replace to F^. 

We note that Hs (ki) D H,s 1 {ki) by the definition of pi. Similarly, we can choose a 
place p 2 , put S2 = Si U {P2}, and replace a Z p -extension such that all places in S 2 splits 
completely. Repeating this operation, we see that H St {ki) = ki for some finite set S t . We 
note that F^k/k satisfies the assumptions (A) and (B). 

Finally, we shall give an Iwasawa-theoretic argument. In F^k/k, all ramified places 
(these are lying above r) are totally ramified. From this, we also see Hs t {k) = k. Let k n be 
the nth layer of F^k/k, and A n the Sylow p-subgroup of C\s t (k n ). By the above results, 
we see that both of Aq and Ai are trivial. In this situation, we can use the method given 
by Fukuda [5] . Hence we can obtain the fact that A n is trivial for all n. This implies the 
assertion of Theorem 6. □ 

We shall show Theorem 2. We fix a finite p-group G. From the proof of Theorem 1, we 
can take a Galois extension K/¥(T) and a subfield k of K such that K/k is unramified 
and Gal(f^/A;) = G. From the proof of Theorem 6, we can take a geometric Z p -extension 
Foo/F(T) such that F^ H K = F(T), and a set S of places (of F(T)) such that the order of 
the ^-class group of every layer of F^K/K is prime to p. Since the p-group G is solvable, 
the Zp-extension F^k/k satisfies the assertion of Theorem 2. □ 
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